In [7] Dempwolff gives a construction of three classes of rank two semifields of order q 2n , with q and n odd, using Dembowski-Ostrom polynomials. The question whether these semifields are new, i.e. not isotopic to previous constructions, is left as an open problem. In this paper we solve this problem for n > 3, in particular we prove that two of these classes, labeled D A and D AB , are new for n > 3, whereas presemifields in family D B are isotopic to Generalized Twisted Fields for each n ≥ 3.
Introduction
In [7] , Ulrich Dempwolff introduced three families of rank two presemifields of order q 2n , with q and n ≥ 3 odd, exploiting pairs of Dembowski-Ostrom polynomials with assigned properties. We will refer to these presemifields as D A , D B and D AB , where the notation indicates the use of the functions A and B in the construction from [7] (see Section 4) . In the same article, the author computed their nuclei showing that presemifields D AB are not isotopic to Generalized Twisted Fields ( [7, Prop. 4.4] ). However, the information about the size of the nuclei turned out to be insufficient to address the isotopism question for these (pre)semifields and all those previously known, which, in fact, is left open. In this regard, in Remark (c) of [7] , the author states that in view of the rapidly growing number of semifields in recent years, the isotopism problem for the relevant (pre)semifields appears to be a quite unpleasant task, hoping that somebody else could take care of it. In this paper we solve this problem for semifields in the families D A and D AB for n > 3, and for semifields in the family D B for n ≥ 3. Precisely, we prove the following result. 
Linear Sets
A pointset L of a projective space Λ = P G(r − 1, q n ) = P G(V, F q n ) (q = p h , p prime) is said to be an F q -linear set of Λ if it is defined by the non-zero vectors of an F q -vector subspace U of V , i.e., L = L U = { u F q n : u ∈ U \ {0}}.
If dim Fq U = k, we say that L has rank k. When k = r and U F q n = V , then the F q -linear set L U is a subgeometry of Λ isomorphic to P G(r − 1, q).
Let Ω = P G(W, F q n ) be a subspace of Λ and let L U be an F q -linear set of Λ. Then Ω ∩ L U is an F q -linear set of Ω defined by the F q -vector subspace U ∩ W and, if dim Fq (W ∩ U ) = i, we say that Ω has weight i in L U . Denoting by x i the number of points of L U of weight i, where i ∈ {1, . . . , n}, if L U is an F q -linear set of Λ of rank k > 0, then
x 1 + (q + 1)x 2 + · · · + (q n−1 + · · · + q + 1)x n = q k−1 + q k−2 + · · · + q + 1, (2) |L U | ≤ q k−1 + q k−2 + · · · + q + 1,
For further details on linear sets see [30] , [21] , [22] and [26] .
In [27] , the authors give the following characterization of F q -linear sets. Let Σ = P G(k−1, q) be a subgeometry of Σ * = P G(k − 1, q n ), let Γ be a (k − r − 1)-dimensional subspace of Σ * disjoint from Σ and let Λ = P G(r − 1, q n ) be an (r − 1)-dimensional subspace of Σ * disjoint from Γ. Denote by L = { Γ, P ∩ Λ : P ∈ Σ} the projection of Σ from Γ onto Λ. We call Γ and Λ, respectively, the center and the axis of the projection. The map p Γ,Λ : P ∈ Σ → Γ, P ∩ Λ is surjective and L = p Γ,Λ (Σ).
Following [4] , [17] , we call an F q -linear set L U of Λ of rank k scattered if all of its points have weight 1, or equivalently, if L U has maximum size q k−1 + q k−2 + · · · + q + 1. In [4, Theorem 4.3] , the authors prove that a scattered F q -linear set of P G(r − 1, q n ) has rank at most rn/2. A scattered F q -linear set L of P G(r − 1, q n ) of maximum rank rn/2 is called a maximum scattered linear set. Note that, as a consequence of the above mentioned result, if L is a scattered F q -linear set of P G(r − 1, q n ), then each line of P G(r − 1, q n ) has weight at most n in L. Definition 2.2. If L is a scattered F q -linear set of P G(r − 1, q n ), a line of weight n in L is said to be a long line with respect to L.
In [26] , generalizing results contained in [28] , [19] and [22] , a family of maximum scattered linear sets, called of pseudoregulus type, is introduced. Precisely, a scattered F q -linear set L = L U of Λ = P G(2h − 1, q n ) of rank hn (h, n ≥ 2) is of pseoudoregulus type if (i) there exist m = q nh −1 q n −1 pairwise disjoint long lines of L, say s 1 , s 2 , . . . , s m ; (ii) there exist exactly two (h − 1)-dimensional subspaces T 1 and T 2 of Λ disjoint from L such that T j ∩ s i = ∅ for each i = 1, . . . , m and for each j = 1, 2.
The set of lines P L = {s i : i = 1, . . . , m} is called the F q -pseudoregulus (or simply pseudoregulus) of Λ associated with L and T 1 and T 2 are the transversal spaces of P L (or transversal spaces of L).
Here, we are interested in F q -linear sets of pseudoregulus type of a 3-dimensional projective space Λ = P G(3, q n ). In such a case the associated pseudoregulus P L consists of q n + 1 long lines and its transversal spaces are two disjoint lines of Λ.
By [19, Sec. 2] and [26, Thms 3.5 and 3.9], F q -linear sets of pseudoregulus type of Λ = P G(3, q n ) can be characterized in the following way.
and let Φ f be a strictly semilinear collineation between T 1 and T 2 having as a companion automorphism an element σ ∈ Aut(
is an F q -linear set of Λ of pseudoregulus type whose associated pseudoregulus is P L ρ,f = { P, P Φ f : P ∈ T 1 }, with transversal lines T 1 and T 2 . Conversely, each F q -linear set of pseudoregulus type of Λ = P G(3, q n ) can be obtained as described above.
In [26] , F q -linear sets of pseudoregulus type of the projective line Λ = P G(V, F q n ) = P G(1, q n ) (n ≥ 2) are also introduced. Let P 1 = w and P 2 = v be two distinct points of the line Λ and let τ be an F q -automorphism of F q n such that F ix(τ ) = F q ; then for each ρ ∈ F * q n the set
is an F q -vector subspace of V of dimension n and L ρ,τ := L Wρ,τ is a maximum scattered F qlinear set of Λ. The linear sets L ρ,τ are called of pseudoregulus type and the points P 1 and P 2 are their transversal points.
Remark 2.4. By [26, Remark 4.7] , each F q -linear set of pseudoregulus type of the line Λ = P G(1, q n ) is projectively equivalent to
for some m ∈ {1, . . . , n − 1} with gcd(m, n) = 1. Moreover, L 1,m and L 1,m ′ are projectively equivalent if and only if either m ′ = m or m ′ = n − m.
Also, if L is an F q -linear set of pseudoregulus type of P G(3, q n ), and s is a long line of it, then L ∩ s is an F q -linear set of pseudoregulus type of the line s whose transversal points are the intersection points between s and the transversal lines of P L .
Definition 2.5. If L is an F q -linear set of P G(r − 1, q n ), a line r with respect to L is said to be of pseudoregulus type if the linear set L ∩ r is of pseudoregulus type.
In what follows our purpose is to show that a maximum scattered F q -linear set L in Λ = P G(3, q n ), n ≥ 3, having two lines of pseudoregulus type either is of pseudoregulus type or n ≥ 5 and it has no other long lines.
Theorem 2.6. Each maximum scattered F q -linear set of Λ = P G(3, q n ), n ≥ 3, with at least two lines of pseudoregulus type is projectively equivalent to the linear set
where s, t ∈ {1, . . . , n − 1} with gcd(s, n) = gcd(t, n) = 1. 
where s, t ∈ {1, . . . , n − 1} with gcd(s, n) = gcd(t, n) = 1. If m is a long line with respect to L and m is disjoint from r 2 , then m = { (x, y, ax + by, cx + dy) : x, y ∈ F q n , (x, y) = (0, 0)}, for some a, b, c, d ∈ F q n . The points of m contained in L must satisfy y = x q s , and cx + dy = (ax + by) q t , which results in cx + dx q s − a q t x q t − b q t x q s+t = 0 (where s + t should be thought of modulo n). This must hold for all x ∈ F q n , since m is a long line with respect to L, and hence we obtain a polynomial identity since the degree is less than q n . If s = t and s + t = 0 (modulo n), then n ≥ 5, b = d = c = a = 0 and m = r 1 , and it follows that r 1 and r 2 are the only long lines with respect to L. If s = t then d = a q t and c = b = 0 (note that in this case s + t = 0 modulo n), and it follows that there are exactly q n + 1 long lines with respect to L. Moreover the line t 1 , generated by (1, 0, 0, 0) and (0, 0, 1, 0) , and the line t 2 , generated by (0, 1, 0, 0) and (0, 0, 0, 1) , both intersect each of these long lines. We may conclude that L is of pseudoregulus type. The case s + t = n is completely analogous to the case s = t and is left to the reader.
Linear set associated with a rank 2 semifield
The semifields that we study here are 2n-dimensional F q -algebras having at least one nucleus of order q n : rank two semifields of order q 2n . The Knuth orbit of such a semifield contains an isotopism class [S] whose left nucleus has size q n , and with the semifield S there is associated an F q -linear set L(S) of rank 2n, disjoint from the hyperbolic quadric Q = Q + (3, q n ) of the projective space P G(3, q n ) with equation X 0 X 3 − X 1 X 2 = 0. The isotopy class [S] corresponds to the orbit of L(S) under the subgroup G ≤ PΓO + (4, q n ) fixing the reguli of Q. Furthermore, the image of L(S) under an element of PΓO + (4, q n ) \ G, defines a (pre)semifield which is isotopic to the transpose semifield S t of S (for more details see [20] ).
Let T r q n /q denote the trace function of F q n over F q and let b(X, Y ) be the bilinear form associated with Q. By field reduction we can use the bilinear form T r q n /q (b(X, Y )) to obtain another F q -linear set, say L(S) ⊥ , of rank 2n disjoint from Q. The linear set L(S) ⊥ defines a rank two semifield, say S ⊥ , as well; such a semifield is called the translation dual of S, see e.g. [24] , or [20, §3] . We will refer to S t and S ⊥ as the rank two derivatives of S.
Here we list the known families of (pre)semifields 2-dimensional over their left nucleus, 2n dimensional over their center F q and exiting for infinite values of n ≥ 2, pointing out their nuclei and describing the geometric structure of the associated linear set with respect to the action of the group G. For a complete list of the known (pre)semifields see [20, §6] .
where gcd(r, n) = 1, f, g ∈ F q n with x q r +1 + gx − f = 0 ∀x ∈ F q n . These semifields also have the middle nucleus of order q n . The associated linear set is
and it is a scattered F q -linear set of pseudoregulus type with the transversals both contained in the quadric Q (see [26, Prop. 5.7] ).
where gcd(r, n) = 1, f, g ∈ F q n with x q r +1 + gx − f = 0 ∀x ∈ F q n . These presemifields have also the right nucleus of order q n . The associated linear set is
and, also in this case, it is a scattered F q -linear set of pseudoregulus type with the transversals both contained in the quadric Q (see [26, Prop. 5.7] ).
T P Thas-Payne symplectic semifields and their translation duals [31]:
(F 3 2n , +, ⋆) n ≥ 2. The linear set associated with any T P symplectic semifield is a union of lines contained in a plane of P G(3, 3 n ); whereas, the linear set associated with its translation dual T P ⊥ is a union of lines passing through a point (see [23] ).
where s, t ∈ {0, 1, . . . , n − 1}, (s, t) = (0, 0), gcd(s, t, n) = 1 and f ∈ F q n such that
q n \ {(0, 0)} (see [8] , [9] , [10] ). These presemifields have middle nucleus of order q gcd(t−s,n) and right nucleus of order q gcd(t+s,n) . The associated linear set is
If s = 0, then the associated linear set L GD is a union of lines through the point (1, 0, 0, 1) of weight n and it is contained in the plane x 0 = x 3 . When t = 0, we have the same geometric configuration.
If s, t > 0, then L GD is not contained in a plane and the following cases occur:
Scattered case. In this case gcd(s, n) = gcd(t, n) = 1 and L GD is equivalent (up to the action of the group P ΓL(4, q n )) to the linear set (4) of Theorem 2.6. Hence, it is a maximum scattered F q -linear set of P G(3, q n ) and by Theorem 2.6, L GD is of pseudoregulus type if and only if either s = t or s + t = n. Also, in such a case GD is a 2-dimensional Knuth semifield K 17 or K 19 (with g = 0). In the other cases, i.e. n ≥ 5, s = t and s = n−t, by Theorem 2.6, the lines r : x 1 = x 2 = 0 and r ⊥ : x 0 = x 3 = 0 (where ⊥ is the polarity induced by the quadric Q = Q + (3, q n )) are the only long lines of the linear set L GD of P G(3, q n ) and by Remark 2.4, they are both of pseudoregulus type.
Non-scattered case. We can have the following possibilities:
• gcd(s, n) = h > 1 and gcd(t, n) = 1. In this case the points of weight greater than 1 are only on the line r : x 1 = x 2 = 0 and each of them has weight h. Hence,
• gcd(t, n) = k > 1 and gcd(s, n) = 1.
In this case the points of weight greater than 1 are only on the line r ⊥ : x 0 = x 3 = 0 and each of them has weight k. Hence,
• gcd(s, n) = h > 1 and gcd(t, n) = k > 1.
In this case the points of weight greater than 1 are only on the lines r and r ⊥ and each of them has weight h and k, respectively. Hence,
A Generalized Twisted Fields of rank 2 [1] : (F q 2n , +, ⋆), with x ⋆ y = yx − cy q t x q n , where gcd(t, n) = 1 and c = y 1−q t x 1−q n for each x, y ∈ F * q 2n . These presemifields have middle nucleus of size q gcd(t+n,2) and right nucleus of size q gcd(t,2) (see [2] ). The associated linear set is an F q -linear set of P G(3, q n ) of pseudoregulus type with transversal lines external to the quadric Q and pairwise polar with respect to the polarity defined by Q (see [26, Corollary 5.5] [12] ).
Finally, we determine the linear set associated with the translation dual of a presemifield defined by a linear set of type
where f and g are F q -linear maps of F q n . In order to do this, if a(x) = n−1 i=0 a i x q i , we will denote byâ(x) = n−1 i=0 a q n−i i x q n−i the adjoint polynomial of a(x) with respect to the non-degenerate F q -bilinear form x, y = T r q n /q (xy) of F q n , i.e. T r q n /q (x a(y)) = T r q n /q (â(x) y). We have the following 
is represented by the presemifield corresponding to the linear set
where ⊥ is the translation dual operation with respect to the bilinear form defined by the hyperbolic quadric with equation
Proof. Let Q be the hyperbolic quadric of P G(3, q n ) with equation X 0 X 3 − X 1 X 2 = 0 and
be the bilinear form associated with Q. One easily verifies (using the same calculation as in [18, page 3-4 ] to obtain the subspace U D from U ) that the linear set obtained from
performing the translation dual operation is
and
Dempwolff's presemifields
In [7] the author introduced three families of rank 2 presemifields, computing their nuclei and leaving open the question to investigate the isotopy issue between these presemifields and each presemifield previously known. These presemifields are obtained starting from a pair (F 1 , F 2 ) of bijective F q -linear maps of F q n , q odd and n odd, such that
where P F i (x) = F i (x)x and ξ is a fixed non-square element of F q . Precisely, the algebraic structure S(F 1 , F 2 ) = (F q n × F q n , +, * ), whose multiplication is given by
where F 1 and F 2 are bijective F q -linear maps of F q n satisfying Conditions (5), is a presemifield with dimension at most 2 over the left nucleus (see [7, Theorem 4 .1]). The three families of proper presemifields S(F 1 , F 2 ) constructed by Dempwolff are obtained considering F 1 and F 2 as follows:
A) F 1 (x) = F 2 (x) = A a,r (x) = x q r − ax q −r such that gcd(n, r) = 1 and a is an element of F * q n with N q (a) = 1, where N q : F q n → F q denotes the norm function from F q n over F q ;
, {i, j} = {1, 2} such that gcd(n, r) = 1 and N q (b) = ±1.
We will denote the corresponding presemifields as D A , D B and D AB , respectively. It is easy to see that S(F 1 , F 2 ) is isotopic to S (F 2 , F 1 ) , so in what follows we assume that, in case AB), F 2 ) by transposition as mentioned in [7, §4] . In order to compare Dempwolff presemifields with the known (pre)semifields listed in the previous section, in the next, we will investigate the geometric structure of the associated linear sets.
Let S(F 1 , F 2 ) be a presemifield with multiplication ( * ), then the associated F q -linear set is the following
The linear set L(F 1 , F 2 ) admits two long lines r 1 and r 2 , i.e. lines of weight n in L(F 1 , F 2 ), both secants to the quadric Q = Q + (3, q n ) : X 0 X 3 − X 1 X 2 = 0, which are pairwise polar with respect to the polarity ⊥ defined by Q; in fact, 
D A presemifields
The linear set associated with a presemifield D A is
where A a,r (x) = x q r − ax q −r with gcd(n, r) = 1 and a ∈ F * q n such that N q (a) = 1, and ξ a fixed nonsquare in F q .
We start with the following lemma. (ii) If N q (a) = −1, then the points of L A of weight greater than one have weight 2, and they are
Proof. (i) Let P x = (x, A a,r (x)) be a point of L A and suppose that its weight is greater than 1. Then there exists λ ∈ F q n \ F q such that λx = x ′ and λA a,r (x) = A a,r (x ′ ), for some x ′ ∈ F * q n . These conditions imply that λA a,r (x) = A a,r (λx) and this is equivalent to the following equation:
The previous equation is satisfied if and only if x is a solution of
and, since gcd(n, 2r) = 1, this happens if and only if N q (a) = −1. This means that L A is a maximum scattered F q -linear set of P G(1, q n ) if and only if N q (a) = −1. Suppose that N q (a) = −1. By Remark 2.4, L A is of pseudoregulus type if and only if L A is projectively equivalent to an F q -linear set of type (3), i.e. if and only if there exit α, β, γ, δ ∈ F q n , with αδ − βγ = 0, such that
for each x, z ∈ F q n and for some m ∈ {1, . . . , n − 1} with gcd(m, n) = 1. The last equation implies that γz + δz
for each z ∈ F q n . Since n is odd and gcd(n, r) = 1, then m + r ≡ m − r(mod n). This means that, if m + r ≡ 0(mod n) and m − r ≡ 0(mod n), then β = γ = δ = 0, a contradiction. Hence,
since αγ − βδ = 0, from (9) we get m − r ≡ r(mod n),
otherwise α = β = 0. Since gcd(n, r) = 1, Equations (10) and (11) are both satisfied if and only if n = 3 and {m, r} = {1, 2}. If m − r ≡ 0(mod n), arguing as above we get that n = 3 and m = r ∈ {1, 2}. Hence, Statement (i) is proved.
(ii) Suppose, now, that N q (a) = −1 and let P x 0 = (x 0 , A a,r (x 0 )) , x 0 ∈ F * q n , be a point of L A with weight greater than 1. Then there exists λ 0 ∈ F q n \ F q such that
i.e., the pair (x 0 , λ 0 ) satisfies Equation (7). This means that
and hence P x 0 has weight at least 2 in L A . If P x 0 had weight greater than 2, then there would be µ ∈ F q n and µ / ∈ 1, λ 0 Fq such that
From Equation (7), we get
∈ F * q , and this happens if and only if µ ∈ 1, λ 0 Fq , a contradiction. Hence
It follows that the number of pairs (λ, x), with λ ∈ F q n \ F q , corresponding to a point (x, A a,r (x)) of weight 2 is (q n − q)(q − 1), since for a given λ ∈ F q n \ F q , Equation (7) admits q − 1 solutions x ∈ F q n . Since two equations A a,r (λx) = λA a,r (x) and A a,r (µx) = µA a,r (x) have the same solution x ∈ F q n if and only if µ ∈ 1, λ Fq , and in such a case they admits the same set of solutions, we have exactly
values x ∈ F q n that define a point (x, A a,r (x)) of weight 2, and hence
values x ∈ F q n defining a point of weight 1. So, there are
points of weight 2 and q n −q n−1 q−1 = q n−1 points of weight 1. Since L A has no points of weight greater than 2, we have Proof. We explicitly note that L D A is contained in the lines joining a point of
where
and both the linear sets
) and suppose that its weight is greater than 1. Then there exists λ ∈ F q n \ F q such that λA a,r (x) = A a,r (λx) and λA a,r (y) = A a,r (λy). Arguing as in the proof of Lemma 4.3, this happens if and only if N q (a) = −1 and, in such a case, x and y are solutions of the same equation A a,r (λx) = λA a,r (x), hence y = ρx, where ρ ∈ F * q , and P x,y has weight 2 in L D A . This means that, if N q (a) = −1, then L D A is a maximum scattered F q -linear set of P G(3, q n ) and by [28, Prop. 2.8] and by part (i) of Lemma 4.3, the assertions i) and ii) follow. On the other hand, if N q (a) = −1 and P / ∈ r ∪ r ⊥ is a point of weight 2 in L D A , then P belongs to the line ℓ x 0 := P x 0 ,0 , P 0,x 0 , where x 0 ∈ F * q n such that A a,r (λx 0 ) = λA a,r (x 0 ) for some λ ∈ F q n \ F q and P = P x 0 ,ρx 0 with ρ ∈ F * q . Then there are q + 1 points on the line ℓ x 0 of weight 2 in L D A (P x 0 ,0 and P 0,x 0 included). From ii) of Lemma 4.3 there are (q + 1)
points of weight 2 in L D A . Using Equations (1) and (2), the last part of statement iii) follows.
D B presemifields
In this Section we will describe the linear set associated with presemifields D B , precisely:
where B b,r (x) = 2H Proof. Since H b,r (x) defines an invertible F q -linear map of F q n , the linear set L B can be rewritten as
Since q is odd, arguing as in the proof of Lemma 4.3, straightforward computations show that L B is a maximum scattered F q -linear set of P G(1, q n ) and it is projectively equivalent to the linear set { (x, x q r ) : x ∈ F * q n }. By Remark 2.4, the assertion follows. Proof. As in the proof of Lemma 4.5, we explicitly note that L D B can be rewritten as 
and both linear sets L D B ∩ r 1 and L D B ∩ r ⊥ 1 are of type described in Lemma 4.5. Arguing as in the proof of Theorem 4.4, direct computations show that L D B is a maximum scattered F q -linear set of Λ = P G(3, q n ). Now, consider the lines t 1 := { (x, y, y, ξx) : x, y ∈ F q n , (x, y) = (0, 0)} and t 2 := { (−x, −y, y, ξx) : x, y ∈ F q n , (x, y) = (0, 0)} of Λ. Since q is odd and ξ is a non-square in F * q , these lines are disjoint, external to the quadric Q and pairwise polar with respect to the polarity defined by Q. Consider the collineation Φ f between t 1 and t 2 defined by the following strictly semilinear map f : (x, y, y, ξx) → (−bx 
D AB presemifields
In this section we will describe the linear set associated with the presemifields D AB , precisely:
Theorem 4.7. The F q -linear set L D AB has the following structure: Proof of Theorem 1.1
Since each presemifield D A , D B and D AB has dimension 2n (n odd) over its center, none of these presemifields is isotopic to a EMPT 2 semifield. By looking at the geometric structure of their associated linear sets, one also get that none of the three relevant presemifields is isotopic to a GD semifield with either s or t equal zero, to a T P semifield or to a T P ⊥ semifield. If N q (b 2 ) = −1 and n > 3, it remains to compare D AB with a GD semifield. By Theorem 4.7, the associated linear set L D AB is a maximum scattered linear set with a long line not of pseudoregulus type; hence, by Remark 2.4, L D AB is not of pseudoregulus type. So, by comparing it with the linear set of a GD semifield (see Section 3 and Theorem 2.6) we get that corresponding (pre)semifields cannot be isotopic.
If N q (b 2 ) = −1 and n > 3, it remains to compare D AB with an EMPT 1 semifield and with a non-scattered GD semifield. From Section 3, the F q -linear set of an EMPT 1 semifield has at least q + 1 points of weight greater than 2, and hence from iii) of Theorem 4.7, D AB cannot be isotopic to an EMPT 1 semifield.
Finally, if D AB were isotopic to a non-scattered GD semifield, comparing the structure of the associated F q -linear set (see Theorem 4.7 and Section 3), we would have that the two integers s and t appearing in the multiplication of a GD semifield should satisfy the arithmetic condition {gcd(s, n), gcd(t, n)} = {1, 2}. This would imply n even, which is not the case for a D AB semifield.
As we have observed at the end of Section 3, all rank two (pre)semifields listed there have associated F q -linear set whose geometric structure is invariant under the transpose with the exception of K 17 and K 19 which are pairwise transpose. Hence, by the above arguments, none of the semifields D A and D AB is isotopic to the transpose of a (pre)semifield in the above mentioned list.
Finally, as the families D A , D B and D AB are closed under the translation dual operation (see Proposition 4.2), none of them is isotopic to the translation dual of a (pre)semifield in the above mentioned list.
Final Remark
The isotopy issue for Dempwolff's presemifields D A and D AB with n = 3 seems harder. This mainly because in this case there are many more known examples in the literature to compare with (see e.g. [13] , [11] , [15] , [19] , [29] ). For this reason its study deserves a separate discussion based on a different approach. This will be the main topic of a forthcoming paper by the same authors.
